Abstract. In this note we give estimates for the growth of leaves in transversely affine foliations which depend on the properties of the affine holonomy group.
Introduction
Transversely affine foliations form a very interesting class of foliations and they appear naturally in differential topology and geometry and, for example, in the quantization theory. In the geometric prequantization the existence of a polarization plays an important role. Under certain natural assumptions such a polarization is defined by a pair of transversely affine foliations; cf. [12, 20] . One should also mention the role played by transversely affine foliations in "tissus feuilletés"; cf. [6, 19] .
In spite of their relative popularity transversely affine foliations have not been studied in great detail and their properties are much less known than those of Riemannian and totally geodesic foliations.
In this short note we prove the following estimates for the growth type of a certain class of transversely affine foliations. The growth type of a foliation is a very interesting invariant which, in the case of Riemannian foliations, permitted a nice characterization of such foliations of polynomial growth; cf. [4] . However, the case of transversely affine foliations is more difficult. The main difficulty is the fact that in the case of Riemannian foliations the associated reduction of the bundle of transversely linear forms is compact, which is not the case for transversely affine foliations (of course assuming that the manifold M is compact).
Our main results can be summarized in the following theorem.
Theorem 1.
Let F be a complete transversely affine foliation on a compact manifold M . If the affine holonomy group of the foliation is nilpotent, then its structure algebra is nilpotent, the foliation has polynomial growth and gr(F ) ≥ δ(k) where δ(k) is the degree of nilpotency of the structure algebra of F .
In the last section we present examples which show that Theorem 1 cannot be improved.
Preliminaries
Let F be a transversely affine foliation of codimension q on a compact manifold M . F is developable, i.e., there exist a covering M of M , a homomorphism α : π 1 (M ) → Aff(E) and a global submersion D : M → E which is π 1 (M )-equivariant. The group of the deck transformations of M can be identified with Γ = Im α-the affine holonomy group of (M, F); cf. [9] . The lifted foliation F of M is given by connected components of the fibres of D. The developing mapping D can be neither surjective nor a locally trivial fibre bundle. If it is a locally trivial fibre bundle over E the foliation F is called complete. Moreover, F is a ∇ − G-foliation with ∇ being the canonical flat connection of E; cf. [21] . Thus, we have the following commutative diagram:
is the bundle of frames of the normal bundle of F , i.e., the bundle of transverse frames of (M, F); cf. [22, 15] . The bundle M 1 admits a canonical foliation F 1 of the same dimension as F and whose leaves are coverings of leaves of F . F 1 is a developable foliation modelled on L(E), the bundle of linear frames of E; thus it is an Aff(E)-Lie foliation.
In [24] we have defined the structural (commutative) sheaf of a ∇ − G-foliation. This definition is based on Molino's definition of the structural sheaf of a Riemannian foliation; cf. [14, 15] . We recall the definition and describe in detail this sheaf.
Let C 1 be the sheaf of germs of foliated vector fields which commute with all global foliated vector fields of (M 1 , F 1 ). As these vector fields must commute with the fundamental horizontal and vertical vector fields, locally, they are lifts of local infinitesimal transformations of the transversely projectable flat connection of (M, F). Therefore, C 1 defines a sheaf C of germs of foliated vector fields on (M, F). We call C the structural sheaf of F . Its stalks consist of germs of local foliated infinitesimal affine transformations of the transversely projectable flat connection and the Lie bracket endows them with the Lie algebra structure.
The lift C of the sheaf C to M consists of germs of foliated vector fields of ( M , F) whose lifts to M 1 , forming a sheaf C 1 , commute with all Γ-invariant global foliated vector fields. If F is complete C 1 projects to a sheaf C A on Aff(E) whose elements commute with all global (left) Γ-invariant vector fields on Aff(E), thus with all K = Γ-invariant vector fields. This means that the vector fields of the sheaf C A must be tangent to the fibres of the K-fibre bundle Aff(E) → K \ Aff(E) = W . Additionally, they must commute with the fundamental vertical vector fields k * , k ∈ Lie(K) = k, of this bundle as well as with any vector field of the form
Thus, each stalk of C A is isomorphic to the conjugated algebra k − . We call this Lie algebra the structure algebra of the transversely affine foliation F . We have proved the following. Proposition 1. Let F be a complete transversely affine foliation with the affine holonomy group Γ. Then its structural sheaf is a locally constant sheaf of Lie algebras whose stalk is isomorphic to the conjugated Lie algebra of Lie(K), K = Γ ⊂ Aff(E).
For more properties of the structural sheaf and its relation to the closures of leaves see [24] .
The proof of the main theorem
In [17] J. Plante studied in detail the growth of leaves. For foliations on compact manifolds he demonstrated that the growth type of the volume function of a leaf is the same as the growth type of the corresponding orbit of the holonomy pseudogroup. If we change a Riemannian metric on the manifold we get another volume function but, fortunately, any two Riemannian metrics on a compact manifold are equivalent (or the corresponding Riemannian manifolds are quasi-isometric). Therefore the corresponding volume functions have the same growth type. The holonomy pseudogroup in question is the pseudogroup associated to a finite foliated atlas of the foliated manifold (M, F). Different finite foliated atlases define different pseudogroups but these pseudogroups are finitely equivalent in the sense of Haefliger; cf. [10, 11] . The corresponding orbits in finitely equivalent pseudogroups have the same growth type. The basic property that the growth type of the volume function of a leaf is the same as the growth type of the corresponding orbit of the holonomy pseudogroup is demonstrated in [17] using the fact that the plaques of the charts of the foliated atlas have the volume bounded both from below and above.
On an open manifold the growth type of the volume function of a leaf depends on a Riemannian metric or, to be precise, on the equivalence class of a Riemannian metric. Moreover, there is no relation between the growth type of the volume function of a leaf and the growth type of the corresponding orbit. However, if the foliated open manifold (M, F) admits a finite foliated atlas whose plaques have the volume bounded both from below and above, then the growth type of the volume function of any leaf of F is equal to the growth type of the corresponding orbit of the pseudogroup defined by this foliated atlas. In this case we will say that the Riemannian metric is good.
Y. Carrière in his paper [4] studied in great deal the growth type of Riemannian foliations on compact manifolds. Using the Molino structure theorem one can reduce the field of interest to transversely Lie foliations. These foliations are developable and local transverse manifolds can be considered to be open subsets of the model Lie group G and the generating transformations are restrictions of a finitely generated subgroup Γ called the holonomy group of the foliation which is independent of the choice of a foliated atlas. Y. Carrière takes the union V of these local transverse manifolds (in G) and the action of the group Γ on V . The set V is locally compact and the growth of the orbits of the pseudogroup generated on V is dominated by the growth of the foliation; cf. [4] . Let x ∈ V , then let gr V (Γ, x) denote the growth type of the Γ orbit of x in V . With this notation in mind, using the technique of Carrière's paper, it is not difficult to prove the following: Lemma 1. Let V be a relatively compact subset of G and V be any subset of G with an open interior. If any Γ orbit of a point in V meets the set V , then gr V (Γ, x) ≤ gr V (Γ, x ) for any point x of V and x any point of the set V belonging to the Γ orbit of x.
This lemma leads us to a curious property of G-Lie foliations with dense leaves. It is well known (cf. [8, 15] ) that in this case the holonomy group has dense orbits. Let us compare the growth type of leaves of two such foliations. For suitable Riemannian metrics (on a compact manifold any choice is good) the growth type of a leaf (of the volume function) is the same as the growth type of the corresponding orbit of the holonomy group in an open subset of the Lie group G. Lemma 1 ensures the following: Lemma 2. Let F be a G-Lie foliation with dense leaves of a compact manifold M with the holonomy group Γ. If F 1 is another G-Lie foliation with the holonomy group Γ on a manifold M 1 with a good Riemannian metric, then gr(F ) ≤ gr(F 1 ). Now let us return to transversely affine foliations. Since the foliation F is developable, we have the following estimate due to R. A. Blumenthal; cf. [3] . This corollary together with Plante's theorem (cf. [17] ) ensure that any transversely affine foliation with nilpotent, or virtually nilpotent, affine holonomy group admits a holonomy invariant measure; cf. [9] .
The following result proved by Y. Carrière for Lie foliations is also valid for a larger class of foliations, among them for transversely affine foliations; cf. [4] . Proposition 3. Let F be a complete transversely affine foliation of a compact manifold M . Then the growth type of a leaf L of F can be read as the local growth of the corresponding orbit of the affine holonomy group on E.
To get more information about the growth type of F we compare the growth type of leaves of F and F 1 . However, as M 1 is not compact, the growth type of a leaf is not well-defined; it depends on the choice of an adapted atlas; cf. [17] . Fortunately, the foliated manifold (M 1 , F 1 ) has a class of adapted atlases which are particularly well-suited to the comparative study of the growth types of leaves of F and F 1 . We have in mind the atlases which are derived from adapted atlases of (M, F); we call them preferred adapted atlases. If M is compact, it can be easily shown that the growth type of a leaf of F 1 does not depend on the choice of a preferred adapted atlas. Therefore, for any leaf L of F 1 , we denote by gr( L) the growth type of L for any preferred adapted atlas of (M 1 , F 1 ). Then:
Proof. It is a simple consequence of the definition.
Considerations of the proof of Proposition 3 applied to the foliation F 1 yield the following:
Lemma 4. The growth type of any leaf of F 1 can be read as the growth type of the corresponding orbit of the action of the affine holonomy group restricted to the set π −1 (U ) where U is a relatively compact subset of E.
Proof. The proof results from the considerations of Y. Carrière (cf. [4] ) and the fact that we calculate the growth type relative to a preferred adapted atlas of (M 1 , F 1 ).
Now we would like to find a lower bound for the growth of leaves of F depending on the structure of the affine holonomy group. Lemma 3 makes our task easier, as we can work with the Lie foliation F 1 . The closure of a leaf L corresponds via D to the orbit of the group K = Γ ⊂ Aff(E). Let us assume that the affine holonomy group Γ is nilpotent. In [23] we have proved that in this case Γ and therefore K must be unipotent. Thus, the connected component K 0 of e in K is a simply connected closed nilpotent Lie subgroup of Aff(E). The group Γ 0 = K 0 ∩ Γ is a finitely generated dense subgroup of K 0 . Using the Malcev theorem (cf. [13, 18] ), we can construct a Lie foliation F 0 with dense leaves of a compact manifold for which the group Γ 0 is the holonomy group. In [4] Y. Carrière showed that in such a case gr(F 0 ) ≥ δ(K 0 ) where δ(K 0 ) is the degree of nilpotency of K 0 . It is not too difficult to notice that the leaves of such a Lie foliation have the same growth type since they have the same quasi-isometry type. Thus, the leaves have the same growth type. Putting these two facts together we learn that for any leaf L of the foliation F 0 gr(L) ≥ δ(K 0 ). We have already remarked that the growth type of leaves of the foliation F 1 can be read as the growth type of the orbits of Γ relative to some open subset of K. As Γ 0 ⊂ Γ, for any leaf
. We know that many leaves of the foliation F have no holonomy; cf. [5] . As leaves of the foliation F 1 are holonomy coverings of leaves of F , then any leaf L 1 of F 1 over a leaf L of F without holonomy is diffeomorphic to it (to be precise, the natural projection is a diffeomorphism). It means that they have the same growth type. Summing up our considerations we have proved the following theorem; compare Proposition 3.1 of [4] . (The structure algebra of F is the conjugated algebra of Lie(K 0 ).)
Examples
To illustrate that Theorem 1 cannot be improved we provide two examples. Let us consider the 3-dimensional solvable group S 1 (cf. where x, y and z are real numbers and k is a fixed real number such that e k + e −k is an integer different from 2. This group acts simply transitively on R 3 and admits a uniform discrete subgroup Γ 1 . The manifold Γ 1 \ S 1 = S 1 (Γ 1 ) is an affine manifold which can be identified with the hyperbolic torus bundle T 3 4 , A ∈ SL(2, Z), tr A > 2; cf. [7] . Example 1. The projection p 2 : R 3 → R, (x, y, z) → (x, y), is S 1 -equivariant for the natural actions of this group. Therefore, p 2 defines a complete transversely affine flow F 2 of the compact manifold S 1 (Γ 1 ). The flow F 2 is diffeomorphic to the flow of T 3 A given by suspension of the matrix A. The growth type of the foliation F 2 is linear since it is a flow with non-compact leaves. The affine holonomy group Γ can be identified with a subgroup of Aff(R 2 ) generated by A and the integer translations. Since Γ is a discrete subgroup, the structure algebra of F 2 is 0-dimensional. However, the group Γ is solvable, but not nilpotent.
Example 2. The projection p 1 : R 3 → R, (x, y, z) → y, is S 1 -equivariant for the natural actions of this group. Therefore, p 1 defines a codimension 1 complete transversely affine foliation F 1 of the compact manifold S 1 (Γ 1 ). The leaves of this foliation are dense, and only the leaves corresponding to rational numbers have holonomy. The foliation F 1 is diffeomorphic to the proper foliation of T 3 A corresponding to one of the eigenvalues of A; cf. [7] . The affine holonomy group of F 1 is solvable, the structure algebra is isomorphic to R, but the leaves of F 1 have exponential growth. In fact, since all leaves are dense, those corresponding to points of T 2 with rational coefficients are resilient. Hence, they must have exponential growth; cf. [7] . This implies that a complete transversely affine foliation with nilpotent structure algebra can even have the exponential growth type.
